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Abstract. We study modular fibers of elliptic differentials, i.e. investigate 
spaces of coverings (Y,t) — > (C/Z © Zi,dz). For genus 2 torus covers with 
fixed degree we show, that the modular fibers J^dCT 1) are connected torus 
covers with Veech group SL2(Z). Using results of Eskin, Masur and Schmoll 
EMS] we calculate x(>^d(l> 1)) an d the parity of the spin structure of the 
quadratic differential l)/(— id), q^). We state and apply formulae for 

the asymptotic quadratic growth rates of various types of geodesic segments 
on (Y, t) G J?d(l, 1). The quadratic growth rates are expressed in terms of the 
SL2(Z) orbit closure of (Y, r) in ,^d(l> 1) an d the flat geometry of 1). 
These are extended notes from a talk the author gave during the Activity on 
Algebraic and Topological Dynamics at the Max-Planck-Institute for Mathe- 
matics, Bonn summer 2004. 
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1. Introduction 

Motivation and Background. If we want to find the length distribution of 
isotopy classes of closed geodesies on the fiat torus T 2 := C/Z © Zi = R 2 /Z 2 , the 
answer is easily obtained by counting integer lattice points in the plane: 

N(T 2 ,T) := \{(x, y)EZ 2 : gcd(x, y) = 1, < T}\ ~ -£-T 2 = — T 2 . 

The factor arises, if one counts primitive geodesies (see |EM98| ) including their 
direction, counting of geodesies ignoring direction requires the weight §£727 ■ Primi- 
tive geodesies (with direction) are represented by integer lattice points in R 2 which 
are visible from the origin. We like to ask the same question for a (branched) cov- 
ering 7r : J ^ C/A, A C C a lattice. The necessary (complex) geometric structure 
on X is a holomorphic differential u obtained by pulling back the differential dz on 
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C/A. We call the pair (X,u> — n*dz) elliptic differential. Using lo one identifies X 
locally with regions in the complex plane by coordinates of the shape 

Z P (P) = I U 
J Pa 

away from the zero-set Z(ui) of ui. With respect to these charts coordinate changes 
are translations, in particular the Euclidean metric pulls back to {X, lo) and defines 
a global Euclidean metric on X — Z(lo). 

We are mainly interested in the following geodesic segments on (X, to): 

• (isotopy classes of) closed geodesies Cyl(u>) and 

• saddle connections SC(u>), these are geodesic segments starting and ending 
at zeros of lo, without hitting a zero in between. 

We like to study the asymptotic quadratic growth rate of these geodesic segments 
on (X,io) with respect to the Euclidean metric defined by lo, i.e. we look at the 
number 



(1) N cyl {u>,T) 



7 G Cyl(u) : / |w| < T 
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A fundamental result of Masur (for a new version see |EM98j ) says 

Theorem 1. |M3l|M4] For any translation surface (X, u>) there are constants, such 
that for T»0 

< ciT 2 < N cyl (cj,T) < c 2 T 2 . 

The same is true for the set of saddle connections SC(u>) on (X,u>) (eventually 
with different constants Ci). 

Surprisingly in various cases |V2l IEMS1 IEM71 lMcM51 lEMMj . there is an asymp- 
totic quadratic formula 

N cy i(uj,T) ~ -^c cy i{uj)T 2 . 

Moreover: in all cases known so far the constant can be computed |V31 [EMS , 
or at least expressed in terms of geometrical data of the moduli space of Abelian 
differentials where {X,lo) belongs too |EMZ| . For general differentials (X,u>) it is 
not known that the various asymptotic constants c*(u>) exist. In the case of elliptic 
differentials however, it is well known (see [EMS, EMM1 [ST]) that all asymptotic 
constants, including c cv i(us) and csci.^) a re well defined. 

To introduce the main objects we give an alternative, more geometric description 
of translation surfaces. 

Translation surfaces by gluing polygons. Take a finite set of polygons Pi, ...,P n 
in the complex plane C with boundary components dPi oriented counter-clockwise 
and for each edge a S UidPi there is a unique translation t a ^ such that 
a + t a = — b e UjdPj. Identifying pairs of edges a and a + t a gives a compact 
surface X which is by construction a translation surface with flat metric induced 
by the Euclidean metric on C. Moreover a line field in direction 8 E S 1 on C in- 
duces a foliation jFg(X) on X. Finally the differential dz descends to X (vertices 
of the polygons removed) and defines a holomorphic differential lo on X with zeros 
located in the vertices of the Pi. Really important is the following group operation: 
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uj A u> = 1. 
ix 



SL2(M) action on translation surfaces. Take the linear operation of SL 2 (R) on 
K 2 = C and choose A G SL 2 (R). Then the set UjAP, C C with the identification 
UidAPi 3A-a<->A-a + A-t a = —A ■ b G UidAPi is a translation surface A ■ X, a 
deformation of X. In this way we obtain a SL2(R)-action on the set of translation 
surfaces. 

Equivalence relation. Two translation surfaces X, Y are equivalent, if there ex- 
ists a translation diffeomorphism <f> : X — ► Y, i.e. D (f> — id in polygonal coordinates 
above. The moduli space of equivalence classes of translation surfaces can be iden- 
tified with the moduli space Q±^ g of genus g Abelian differentials with normalized 
area (given by equation ■ 

Elliptic differentials in genus 1 — Lattice surfaces. Take an elliptic differen- 
tial (X,uj) of genus 1, i.e. a Riemann surface X of genus one with a holomorphic 
one form to. For simplicity we assume {X, uj) has normalized area: 

(2) area^X) = % - J 

The absolute periods 

Per(w) — ^ ^ : 7 G i?i(X;Z)| G R 2 = C 

of (X, uj) define a lattice in R 2 . In particular the elliptic differential (C/ Per(u;), dz) 
has the same absolute period lattice as (X,uj) and in natural charts 

z(p) = [ UJ 
J Pa 

we see that locally dz = uj. This in turn implies, up to orientation 

(X,uj) = (C/Per(uj),±dz) <-> Per(cj), 

i.e. up to sign each elliptic differential can be identified with a lattice A G C. 

Now represent the flat torus R 2 /Z 2 by the square Q with vertices (0,0), (1,0), 
(1, 1), (0, 1) G Z 2 and take its image A ■ Q C K 2 under A G SL 2 (R). Identifying 
parallel sides of the parallelogram A ■ Q defines a new torus T^. Moreover the edges 
of A ■ Q define a lattice A^ = A ■ Z 2 , such that 

A ■ T 2 = T 2 4 = R 2 /A A . 

It is clear that A^ = A-l? = 1? if and only if A G SL 2 (Z). To discover a translation 
homeomorphism 

T\ -> T 2 for A G SL 2 (Z) 

think of R 2 being square-tiled by copies of Q. Now consider A ■ Q C R 2 and cut R 2 
along the edges of the square-tiling by Q. Then reassemble Q by translating the 
pieces obtained from cutting A ■ Q. Note that the A G SL 2 (K) for which vertices of 
A ■ Q become vertices of Q, are exactly the A G SL 2 (Z). Thus the moduli space S\ 
of (normalized) elliptic differentials or translation tori (with a direction) equals 

S x = SL 2 (R) • T 2 = SL 2 (R)/SL 2 (Z). 

We see that the stabilizer {A G SL 2 (R) : A ■ T 2 = T 2 } = SL 2 (Z) is a lattice in 
SL 2 (R). For general (X,uj) one writes 

SL(X,w) := {A G SL 2 (R) : A - (X,oj) = (X,uj)} 
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and calls this stabilizer the Veech group of (X, u>). It is already remarkable that 
there are translation surfaces (X,uj) with a lattice stabilizer SL(X, ui) C SL2(R) 
which are not elliptic differentials. Translation surfaces with lattice stabilizer are 
called lattice surfaces or Veech surfaces in honor of W. Veech who found the first 
series of lattice surfaces, which are not elliptic differentials, by unfolding billiards in 
the regular n-gon [ESEU- Recently C. T. McMullen [McMlj and Kariane Calta 
[C] discovered that L-shaped polygons with a certain algebraic condition on the 
length of their sides are also lattice surfaces. Infinitely many Veech surfaces con- 
structed from L-shaped tables, or from regular n-gons, are not elliptic differentials. 

Action of SL(X, ui) on coverings. Given a lattice surface (X, ui) and a branched 
covering it : (Y, r = tt*uj) — > (X, ui), a deformation of (Y,t) by A € SL(X, ui) is 
again a cover of (X, ui). Thus we get an operation of SL(X, ui) on coverings of 
(X,u>) 

The set of all coverings of T 2 of fixed genus, fixed degree and branch points of fixed 
order has a natural manifold structure. Moreover 2-dimensional components of this 
modular fiber are elliptic differentials and cover (T 2 , dz). We denote 2-dimensional 
modular fibers by (J^",wjr) or short & . 

The goal of this paper is to describe a method relating asymptotic constants of an 
elliptic differential (X, ui) to the translation geometry and topology of the modu- 
lar fiber ^ containing {X, ui). This approach to elliptic differentials can be easily 
extended to covers of lattice- or Veech-surfaces. We also give examples of modular 
fibers and an easy calculation of asymptotic constants using our formula. The 
asymptotic constants of (V, ui) G ,^ depend on the translation geometry of (J?, wjr) 
and on the orbit closure SL2(Z) • (X, ui) C & . Since it is sometimes hard to charac- 
terize a connected component of the modular fiber by topological and geometrical 
invariants we will follow another way. 

The modular fiber. Assume (X, ui) is a lattice surface with lattice group SL(X, ui) 
We define a space of coverings &u,t using a given cover (Y, t) — ► (X, uj) and the 
SL(X, ui) action on covers of (X, ui) as 

& U , T := SL(A»-(y,r). 
There are two possible ways of taking a closure of SL(X, ui) ■ (Y, r): 

1. inside the space of differentials with fixed number and orders of zeros, or 

2. including all limiting surfaces, thus degenerated surfaces appear in J^ iT . 

For this paper we will assume &u,t is obtained with respect to the first closure. 
In our particular cases it is not hard to see that J^ iT is always an open complex 
space. If (Y, r) — + (X,ui) has n-branch points one can show [S2], that there is a 
natural map 

. eg . vn 

This map is either a covering of X n , or a covering of an SL(V, w)-invariant subspace 
of X n . 

To avoid technical difficulties, we only discuss covers of T 2 branched over exactly 2 
named points. Tracking the two branch points on the base torus while deforming a 
cover in the modular fiber gives a map to T 2 x T 2 — {[x, x] : [x] £ T 2 }. Since R 2 /Z 2 
acts by translations on T 2 and on the modular fiber we divide out this torus action. 
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Equivalently we might assume one of the branch points is fixed, say at [0] € T 2 
and obtain a covering map J£" r — * T 2 — {[0]}. Here we have simplified J^V :— J^t,^, 
because u> = dz. Now the translation structure of T 2 pulls back to j^V and we 
obtain an elliptic differential 

which by SL2 (Z) invariance is a union of lattice surfaces with Veech group SL2 (Z) . 
Now we can take the unique compactification J^r of J^V which makes the continu- 
ation of lj t to J^r holomorphic. 



Degenerated translation surfaces. To understand the geometry of & u 
needs to look at degenerated surfaces Xd eg - These are just deformed Abelian dif- 
ferentials obtained by moving two or more cone points into one point. There are 
cases when the degeneration process leads to a union of two or more translation 
surfaces, which are connected in some special points only. In algebraic geometry 
degenerated surfaces are known as stable, nodal curves. 

Example: The space ^d(l, 1) of elliptic differentials (X,cu) with two distinguished 
zeros z\ 7^ Z2 of order 1 each, Per(w) = Z © TA and deg(7r) = d, n : (X,oj) — > 
C/Per(w) covers T 2 — {[0]} and carries a natural Abelian differential cud- If we 
take a differential in J^d(l, 1) and collapse its two cone points into one, we obtain 
a surface with one cone point of order 3, or a degenerated differential. Differentials 
with one order 3 cone point in turn are order 3 cone points of (i^l, l),ct>d). In 
EMS we show that uid has exactly 

(3) \Z(c d )\ = l(d-2)d 2 Y[(l-±) 

p\d 

zeros, all of order 2. There are other surfaces in the compactification of ^(f , I), 
which are degenerated in the sense above: these surfaces are either two tori identi- 
fied in one point, or a torus with with two points identified. The total number of 
degenerated surfaces Xd eg in I) is 

(4) Ndeg{d) = -L {5d + 6]( fY[(l-^) ford>3 

P \d 

and Ndeg(2) — 4. This is the order of a union of SL2(Z)-orbits on J^d(l, I). For the 
rest of the paper we use the Euler ip function and the Dedekind ip function: 

(5) ip(d):=dl[(l--), ^(d):=dl[(l 1 



to write 



V i™j V P 

p\a p\d 



Remark. The counting formulae [21 and 01 were independently discovered by Kani 
[Kail IKa2| with motivation and tools from algebraic geometry. 
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2. Results and applications 

With the conventions of the previous example, we establish 

Theorem 2. The modular fiber (^^(1, 1), w^) is connected. In particular the Veech 
group 0/(^(1,1),^) is 

SL(^(l,l),w d )SSL 2 (Z). 

Remark. Connectedness of J^d(l, 1) was already established by W. Fulton |Fuj . 
as the author learned from C. T. McMullen. However at the end of the paper we 
prove connectedness of 1) by using that it is a SL2(Z)-orbit of a torus-cover 

in moduli space. 

All modular fibers J^d(l, 1) admit an involution a with linear part — id G SL/2(Z), 
thus we can consider the the double cover 

pr CT : ^(1,1)^^(1,1)/^ 

The quotient quadratic differential (,^(1, l)/cr, qd), or short J^d(l, l)/c, parame- 
terizes (normalized) degree d elliptic differentials (Y, r) with two im-distinguishable 
cone-points of order 1. Now any (Y,t) G ^d(l, l)/c admits a hyperelliptic invo- 
lution, which interchanges its two cone points. In particular: distinguishing cone 
points destroys the hyperelliptic involution of (Y, t) . 

Corollary 1. We have: 

x(^(l,l)) = -^(d-2MdMd) for d>2 and 
(6) 4 ! 

X(J^ C (1, l)/a) = - — (d - 6)^(d)V(d) /or d > 3, while 

x(^f(l, l)/ ') = 2- -fa particular 1) is hyperelliptic, if and only if d = 2,3, 4 

and d = 5. TTie surface 1)/°" is a ioras i/ and onZy if d = 6. 

Moreover the parity ^ of the spin structure defined by the meromorphic quadratic 
differential qd on l)/o" is 



i/ d = 2,3,4,5 
i/ d = 2n > 6 
i/ d = 2n + 1 > 7. 

Remark. The proof of these identities appears at the end of the paper. Let 
J4f := {z G C : Im(z) > 0} be the Poincare upper half plane and T(d) the principal 
congruence subgroup of level d. In |Kall IKa2| E. Kani describes the Hurwitz- 
Scheme of genus 2 elliptic differentials and found (over C) a description as an open 
subscheme of 

X(d) := T(d)\Jf ! 

Here the quotient space X(d) is obtained by considering the action of SL2(Z) by 
rational transformations on H. The advantage of looking at the afhne linear action 
of PSL,2(Z) on J^d(l) is, that it commutes with the PSL2(Z)-action on surfaces 
parameterized by l)/o\ 

The results above allow to describe asymptotic quadratic growth constants in terms 



(7) = M&ilM mod2 
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of the modular fiber. Quadratic growth rates are best expressed in terms of a Siegel- 
Veech constant (V4l IEM98I lEMZ) : 

tt N(Cyl(a),T) 
Ccyi(a) := hm 



C(2) ~ cyl ^ J ■ t"oo T 2 
where 

N(Cyl(a),T) := |{^oZ(c) C M 2 : c e CyZ(a)} n {(x, j)6R 2 :i 2 + i/ 2 < T 2 }\ 
Here hol(c) — J^a and 7 is any geodesic loop around the core of c. 

Theorem 3 (Cylinders). |S21 IS3| Assume (^ T ,a T ) is a modular fiber parame- 
terizing elliptic differentials (S, a) with exactly 2 cone points. Suppose the horizon- 
tal foliation of J^r decomposes into open cylinders c &\ , . . . , of periodic regular 
leaves, bounded by singular leaves d tovc £\, d v< £ ng , . Then every elliptic differen- 
tial (S, a) £ ^ has a completely periodic horizontal foliation where the number of 
cylinders, say Hi, depends only on c €i. The horizontal cylinders of(S,a) have width 
Wi t i, Wi )ni independent of(S,a) 6 If {S,a) £ & T has infinite SL2(Z) orbit, 
its Siegel-Veech constant is: 

1 ^^ area(^) 

// the SL 2 (Z) orW ^ Q := {A ■ (S,a) : A <G SL 2 (Z)} C #" T 0/ (5, a) is finite, we 
have 

w rag £-55-+ £—55— j- 

Remark. Connectedness of the modular fiber is not necessary to obtain this Theo- 
rem. Note however that (^ T ,a T ) is a union of surfaces if it is not connected. As 
for differentials contained in ^i, the number and width of cylinders contained in the 
horizontal foliation of {S, a) S d topc tfi depends on d top( ifi only. 

Since asymptotic constants for cylinders on (S, a) 6 J^ r depend on the cylinder- 
decomposition of ^((J^,-), it is not surprising that the asymptotic constants for 
saddle connections connecting the two different cone points of (S, a) depend on 
the saddle connections of ^h{^t)- Note, that we consider degenerated surfaces in 
the closure of & T as marked points of & T and therefore find typically more saddle 
connections in ^ h (^ T ) as we expect from recognizing only cone points. 

Denote the set of saddle connections contained in &h{&r) by SCh{^a) and note 
that as a set of singular leaves 

n 
i=l 

Let us take (S, a) S s S SCh(^a) and deform (S,a) along s into the right (+) 
or left (— ) endpoint of s in That means we degenerate (S, a) into a cone 

point or a point representing a degenerated surface of Tracking the family of 
deformed surfaces we see that along the deformation of (S, a) we degenerate m+ 
{m~) horizontal saddle connections of length s+ (s~ respectively) on (S, a). Note 
that equals the distance of (S, a) € s to the right (+) or left (— ) endpoint of s. 

If 01 and 02 are the orders of the two zeros of a then the maximal number m of 
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saddle connection which can be killed by one deformation is min(oi, 02). To keep the 
following statement as elementary as possible, we name all the degenerated points 
and cone points of (j^£,ui T ) and assume the list is given by z\, z„ r . Associated 
to this list we get a list oi,...,o„ T of orders of the Zi and a list mf , ...,rn^ of 
multiplicities, telling us how many saddle connections disappear while degenerating 
a surface into Zi from the right along a horizontal saddle connection. By walking 
along a small circle around the (cone-)point z% £ J^? one can see that mf is well- 
defined, i.e. the same for each horizontal saddle connection s terminating in Zj. 

Before we state the Theorem, we like to mention that there arc asymptotic constants 
(see |S3p which reflect finer properties of (S, a) and J^V, for instance one can use 
different weights mf associated to topological/geometrical properties of the surfaces 
represented by the special points zi € J^V (see [53]). One can restrict to certain 
subsets of the set of cone points or the set of horizontal saddle connections in & T 
too. 



Theorem 4 (Saddle connections). |S2IIS3| With the assumptions and notations 
of Theorem^ we find for the asymptotic quadratic growth rate c±(a) for saddle 
connections on (S, a) £ & T connecting the two different cone points of (S, a) 



( 1Q ) c ±^)=wn E 



6 I ^ ^ fs + "l 2 ' 



with ff a {s) := ff a (~l s in the finite orbit case. For generic (S, a) we find 

2£(2) ™ T 

(11) c±{a) — y mfdi where o,; = Oj + 1. 



Remark. The straightforward generalization of the above Theorem |S3j in- 
cludes: modular fibers of higher dimension, arbitrary lattice group 8L(X, u) and 
disconnected fibers ^ T ,u>- 

Depending on the specific problem, the formulae presented here tie the evaluation 
of Siegel-Veech constants of an elliptic differential (X, u>) £ & to 

• the counting of certain types degenerated surfaces in the closure of the 
modular fiber & 

• the counting of cone points of Ct> jr 

• the classification of finite SL2(Z)-orbits in J£\ 

To determine the constants for saddle connections on lattice elliptic differ- 
entials one needs to know 

• the intersection of a particular SL2(Z) orbit with SCh(^) = U™=i «9 top< ^. 

A basic example. To apply the whole method we take the example of two 
marked tori, worked out by the author in [Slj . Take the torus T 2 = C/Z (B H = 
M 2 /I? marked in two points. We assume one of the marked points is [0] := + Z 2 , 
if the other is [m] 7^ [0] we write 

Tf m] = (c/z © Zi, [o], H) = (k 2 /^ 2 , [o], H) 

The moduli space of 2-marked tori is simply the torus T 2 — {[0]} if we agree to 
distinguish the marked points. 

Now the horizontal foliation of T 2 — { [0] } consists of one cylinder ^ (of height and 
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width one) and one saddle connection d topc & connecting [0] with itself. Now the 
horizontal foliation of the torus Tr m i contains 

• two cylinders of width one if [m] £ and 

• one cylinder of width one if [m] € d topc € 

Formula|Hlthen implies that the asymptotic quadratic constant c cy i(gen) for isotopy 
classes of periodic trajectories for the generic two marked torus cover is 2 (which is 
of course easy to see without a fancy formula) . Now a surface or point in j?i (0, 0) is 
generic if and only if it has infinite SL2 (Z) orbit and these are exactly the irrational 
points in T 2 - {[0]}, i.e. the set T 2 - Q 2 /Z 2 . 

Finite orbit case: torsion points on T 2 . The set of torsion points of T 2 is the 
kernel of the multiplication homomorphism 

T 2 [n] := kcr(T 2 A T 2 ) = -Z 2 /Z 2 , where n : [z] m» [nz]. 

n 

It is not hard to see that the SL2(Z)-orbit n of — <E T 2 is 



(12) 0, 
In particular 



a b 
- + i- 

n n 



6 T : a, b, n 6 Z with gcd(a, b, n) = 1 



p\n 

Thus SL2(Z) operates transitively on the set T 2 (n) of torsion points of order n. 
These are the torsion points in T 2 [n] vanishing by multiplication with n, but do 
not vanish by multiplication with any m\n. We have 

n := SL 2 (Z) ■ [1/n] = T 2 (n). 

To apply formula^lwe need to know how many points of G n intersect with the line 
d toI "rf and this is easy, in fact: 

^n9 f ° p f = {[a/n]eT 2 : a.neZ, gcd(a,n) = l} 

and thus \0 n n d topc £\ = ip(n). Because of that \G n n #| = ip(n)ip(n) - ip{n) = 
ip(n)(ip(n) — 1). Now all horizontal cylinders on all the marked tori parameterized 
by ^ have width 1 and there are always two of them, while differentials on d tovc & 
admit only one horizontal cylinder (of width one of course). 

Altogether we find the asymptotic growth rate of periodic cylinders for any marked 
torus contained in ff n : 

(13) Ccj;(ji) = 2 ^^ + ^L = 2 1 



Taking the limit for n to infinity gives the generic constant 

Ccyi(gen) = lim c cy i(n) = 2. 



Counting saddle connections. The only interesting question about the qua- 
dratic growth rate for saddle connections connecting the two different marked 
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points. For each < k < n with (k,n) — 1 we need to calculate the two dis- 
tances of the point [k/n] £ T 2 to [0] E T 2 . Now using formula ITU1 we obtain for 
torsion points of order n: 

^ ^ ±( ) in(n)'ib(n) k 2 

^ y n K ' (fc,n)=l 

In |S1| we gave an explicit argument showing that for differentials parameterized 
by irrational (= generic) points on T 2 : 

(15) c sc (±)= lim c±(n) = 2C(2). 

n — >oc 

This example is the first of the series which we call d- symmetric torus coverings. 
To construct ci-symmetric torus coverings one uses a connected sum construction 
for translation surfaces: 

Connected sum construction. Given an Abelian differential (X,u>) and a leaf 
££ E c?o{X). Take agif and define the line segment 

I := [0, e]e w + aC^f. 

Then for d > 2 and a cycle a E Sd we define the Abelian differential 

by slicing d named copies X\, X^ of X along / and identify opposite sides of the 
slits according to the permutation a. The differential #j a w on #f a X is uniquely 
defined by the property 

Note: we can rename the d copies of X such that the cycle a becomes r = 
(1, 2, 3, d). In this case we simply write: 

(#jx,# d I cj)=(#i T x,#i r u). 

If 71 and 72 are two chains of geodesic segments on an Abelian differential (X, w) 
with 

we might use cut and paste to see that 

if 71 and 72 are isotopic along an isotopy fixing the endpoints dji and containing no 
cone points. Another way to say this is that the lifts of 7^ to the universal covering 
X of X bounds a disk B containing no cone points (in its interior). 

d-symmetric differentials. We apply this construction to a torus covering, by 
taking d copies of T 2 , slice them along the projection of the line segment I — I v — 
[0,v] C C (v £ C!) to T 2 . Denote the resulting differential by 

(# d jT 2 ,^dz). 

The underlying surface has genus d and the translation structure has precisely two 
cone points of order d. We define d-symmetric torus coverings as follows 

• t has exactly two zeros of order d — 1 

• Z/dZc Aut (Y,t) 

• deg(7r) = J x ir*(dx A dy) = d 
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with the natural projection tt : (Y, r) — > C/ Per(r). Note that all elliptic differentials 
of the shape (#fT 2 , #fdz) are d-symmetric. 

Denote the set of isomorphy classes of d- symmetric coverings of T 2 = C/Z©Zi 
by jFj*"™ := ^^ ym {d — l,d— 1). Note that our previous examples, 2-marked tori, 
are simply 1-symmetric differentials, and J^i(0, 0) = T 2 — {0}. We show in |S3| : 

Theorem 5. The set ^ sym has a natural structure as a torus (covering) T 2 , := 
R 2 /cK 2 without integer lattice points. The SL/2(Z) operation on <f^ ym = R 2 jdlr — 
Z 2 /eK 2 commutes with the SL/2(Z) operation on surfaces parameterized by <f^ ym . 

For (i-symmetric differentials we evaluate formula|Hlto find the Siegel-Veech con- 
stants: 

Theorem 6. Let (S,a) E T 2 , be d-symmetric and (S,a) (£ Q 2 /dZ 2 , i.e. has infinite 
SL2(Z)-or6ii inTn. Then the asymptotic quadratic growth rate of periodic cylinders 
c cy i on S is: 

(16) c cyl {S) = c cyl (d)=2^^. 



V I d 



Note that by Mobius inversion 



Using formula [5] we calculate the Siegel-Veech constants for d-symmetric differen- 
tials (S, a) G Q 2 /d1? C T 2 ,, the torsion points in J?J ym , as well. The various 
asymptotic constants depend very sensitive on the translation geometry of the sur- 
faces. In particular some Siegel-Veech constants for special types of saddle connec- 
tions are of interest. 



3. Modular fibers in genus 2 

How to describe modular fibers. Our approach works, if one is able to gain 
enough information about the translation geometry and topology of the space & U , T , 
in particular one needs to count certain sets of cone points of the space ^ W)T . We 
do not claim this is a trivial task, but one can do it to an extend making results 
access-able which are very hard to gain without using the geometry of & UiT . 
For example: it takes a computer (program developed by G. Schmidthuesen |GS| ) 
several days to calculate the index of the stabilizer of some differentials (S, a) £ 
^3(1,1) with small(!) SL^Z) orbit. On the other hand it takes not to long to 
make a picture of ^3(1, 1), using cylinders contained in =^3(1, 1). In case of finite 
orbit surfaces in ^3(1, 1) it is possible to develop a formula for the order of the 
orbit ISi]. 

Absolute periods of =^3(1, 1). The absolute period lattice Per(w3) generated by 
the cylinders of ^3(1, 1) is 

Per(w 3 ) = 2Z 2 C Z 2 . 

Different colors in Figure 1 show one possible tiling of =^3(1, 1) by squares of size 
2. We claim that Per(ojd) = 2Z 2 for all d > 2. Here is an indirect argument: In 
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jEMSj we found that 1) is tiled by |(d - l)d(p(d)tp(d) unit squares. Taking 

the quotient with respect to the involution a gives a map 

^^(MVa^CP 1 =T 2 /(-id) 

of degree 

branched over the image of = T 2 [l] under T 2 -> CP 1 . Kani |Ka5] on the other 
hand describes a map 

<S d : & d (l, 1)/<T -» CP 1 

of degree 

deg(5 d ) = ^(d-l)^W(d) = Jdeg(<5 d ) 

which is branched over the images of the 2-torsion points T 2 [2] under T 2 — > CP 1 . 

Here is a picture of the translation surface =^3(1, 1) with some degenerated surfaces 
(vertices of the tiles of ^3(1, 1)) shown below. 
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FIGURE 1. The modular surface =^3(1,1) 



Figure |21 presents the surfaces on the 'integer lattice' of =^3(1, 1). The monodromy 
or identification scheme of each surface in the picture is as follows: 

• horizontal: same color means same closed cylinder 

• vertical: opposite sides are identified, unless something else is indicated by 
dashes. 

The two degenerated surfaces sitting in the middle of the slit in Figure 1 are iso- 
morphic, but appear as different points if one takes the closure of (#3(1, 1), W3) as 
elliptic differential. 
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Figure 2. Surfaces on integer coordinates of #3(1, 1) 



Deforming along a loop Jz? in #3(1,1). Walking along the loop Jz? in 
#3(1, 1) from the left to the right represents a deformation of the degree 3 torus 
cover denoted by the black dot to the right of the figure. The picture shows the 
6 surfaces at the intersection points of Jz? with the vertical edges of the tiling by 
squares. 



1 2 3 
1 2 3 



2 1 3 



2 3 1 



12 3 12 3 

1 3 2 3 1 2 3 2 1 



1 2 3 1 2 3 1 2 3 

FIGURE 3. Deformation along J5f 

Note, while deforming a surface into its neighbor, the vertical gluing pattern changes 
by a transposition. Note also that Jzf intersects r^j^^-, its image under rotation 
by 90 degrees. 

Now we present a picture of the quadratic differential 53 (wf = pr* (73) on the sphere 
•*!<1. 1) <r. 
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Figure 4. The flat sphere #3(1, l)/a 
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Properties of J^"d(l, !)• First we describe some translation surfaces belonging 
to Jf d (l, 1). With T 2 (a, b) := C/aZ © i&Z and a line segment I = I v := [0, v] C C, 
dgC, we define the connected sum 

y a , v : =T 2 (a,l)#/T 2 (d-a,l) e ^(1,1), where (o,d) = 1. 

The condition (a, d) = gcd(a, d) = 1 is necessary and sufficient to make sure that 
y a , v belongs to 1), and not to a modular fiber of lower degree d. Now assume 

v = t^ + ity and t v £ (0, f). We call i/j the horizontal twist and t v the vertical twist. 
Then the horizontal cylinder decomposition of 5? a v contains a cylinder of core width 
d above the first cone point, say zq, and two cylinders of width a and b = d — a on 
top of the second cone point z\ — [v] . To the three horizontal cylinders we associate 
twists, given by th(d) := th mod d for the wide cylinder and by th{a) '■= th mod a, 
th(b) := t/i mod b respectively, for the narrow cylinders. If we pick an integer twist 
th, the three twists essentially agree with the twist part of the coordinates for 
^d(l, 1), described in [EM5j . 

Loops and cylinders in J^d(l, !)• By condition (a,d) — 1 the Chinese remainder 
theorem implies the map 

th ' — ► (th(a),th(b),th(c)) 
(17) M -» R/aZ©]R/&Z©K/dZ 

has kernel abdZ = a(d — a)d"L. From this it is easy to see the following 
Proposition 1. For all t v £ (0, 1) and < a < d with (a, d) — 1, the map 

7 : R/abdl, 3 t h h-» J^+ii, e ■W, 1) 

is an isometrically embedded loop contained in the horizontal foliation of 1). 
Moreover the image of 

7 x id : R/ahdZ x (0, 1) 3 (t h ,t v ) » ^ aM+ltv G 1) 

is a maximal, horizontal cylinder C 1). 

Remarks. A proof of this proposition on a formal level requires to introduce 
period coordinates for 1) which we want to avoid at this place. Period co- 

ordinates are used in |S2j . However it is easy to check that the loop 7 closes with 
th = a(d — a)d, if (a,d) = 1. The cylinder is maximal because it is bounded 
by degenerate surfaces like J^ a ,o and S^ a ,i, i.e. th + it v = or th + it v = i. The 
'+ attached to is because of our convention that the cone points z a and z\ are 
named. One obtains the cylinder C 1) by taking 

*7 : = {-^..tfc-it. : (tfc,*«) G R/aMZ x (0, 1)}. 

^ action on < ^ 1 + . To establish connectedness of J^d(l, 1) we look at the SL2(Z) 
action on f ). In particular we are interested in the action of 

^:=K = [J?]:nGZ}cSL 2 (Z) 

on c ^' 1 :t . This looks trivial, but there is a nontrivial translation part caused by the 
^ action on surfaces S^i^+itv £ ^f^- In fact we have 

ui-lt) = [ t * +t t :- d ]. 

or ui ■ yi,t h +it v = yi,t h +t v -d+it v - One can see this taking t v = 1, i.e. ^ Mh+l , and 
using continuity of the SL 2 (Z) action on ^(1, 1). This tells us in particular that 
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^ really acts on ^ . 

Now we look to the action of the counter-clockwise rotation by 7r/2, i.e. r„/2 '■— 
[° "o 1 ] E SL 2 (Z). The identity 

(18) (r, /2 • ttd-i) • ^1,0 = tv /2 • ^ M _ x - ^ lfl _ d e d<af+. 

shows that r v n ■ ^ intersects with ^ i n an open set, since 5?\ t \ is a smooth 
point. 

Before we prove Theorem|21 we add information on the global structure of the space 
of all torus-coverings or elliptic covers <^(1, 1) of degree d, with two zeros of order 
one and absolute period lattice Per(u/) = A of covolume 1. We have the following 
'fiber-bundle' structure: 

(19) & d (l, 1) — > S d {\, 1) — > SL 2 (M)/SL 2 (Z). 

The base SL 2 (K)/SL2(Z) parameterizes lattices A of covolume 1 and 1) is the 

fiber over Z © Zz. The other fibers are SL 2 (M)-deformations of 1). We also 

need the following result 

Theorem 7. EMS] The space ^(1,1) is connected for all d > 2. In addition 
from each point in J^d(l, 1) C ^(1, 1) there is a path to the surface 5^ a ,it for an 
< a < d with (a. d) = 1. In particular &d(\, 1) admits at most <p(n)/2 connected 
components. 

Now we can prove Theorem [21 

Proof. Assume 1) is not connected. Since #d(l, 1) is connected by Theorem 

[7| all components of 1) must be on a single SL2(Z) orbit. In particular there 

is an affine map of 1), induced by the SL/2(Z) action, which permutes the 

components of ^d(l, 1)- Now SL 2 (Z) is generated by u\ and r v / 2 and u\ fixes ^ , 
therefore it stabilizes a component of ^d(l, !)■ Because r 7r / 2 '^i + n c tf^ ^ 0, r v / 2 
stabilizes the same connected component and the statement follows. □ 

Remark 2. The above is a relatively simple strategy to show connectedness 
of fibers To recall, take a loop in the modular fiber and prove that it is 
stabilized by the parabolic map 

»v = {g-[h\]-9~ 1 -- seSL 2 (Z)with g [i] = v } eSL 2 (Z) 

fixing the holonomy-image v = hol(Jzf) e IR 2 . Then show that the fiber containing 
££ is stable under rotation by rv/2- The method applies well in case the fiber of 
elliptic differentials is an orbit closure: 

J? Q := SL 2 (Z) • (5, a) C SL 2 (R) • (5, a) = S a . 

The argument is in general not sufficient, if the space of elliptic differentials is 
obtained by fixing algebraic or topological invariants of differentials. For example 
<od(l,l) is given by taking all differentials (X,u>) of degree d, i.e. with canonical 
map X — > C/Per((x)) of degree d, and oj has precisely two zeros of order 1. In 
this case one needs to establish connectedness of the whole space <fd(l, 1) first, see 

Finite SL/2(Z) orbits in ^a(l, 1). The next and final step is to classify all finite 
SL2(Z)-orbits contained in ^3(1,1). We will address this more generally in [S4j . 
After this is done the asymptotic formulae can be evaluated if one is able to count 
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how many points on each orbit are contained in each horizontal cylinder of ^3(1, 1). 
Since the generic constant for cylinders of periodic trajectories only depends on the 
horizontal cylinder decomposition of ^3(1, 1), we can easily evaluate the generic 
asymptotic constant for ^3(1, 1) and find: 

19 



(20) c cyl (gen) = ^- 
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In large d, the counting of horizontal cylinders in 1) is non-trivial, see EMS 

for a coordinate approach. 

Proof of Corollary ^ Suppose (X, 10) is an Abelian differential with (named) 
zeros Zi of order c>i, then the Gauss-Bonnet formula for translation surfaces says 

n 

(21) X (X) = 2-2g(X) = -J2<>i- 

i=l 

For quadratic differentials (Y, g) (with simple poles) there is a similar formula 

n 

(22) 2 X (r) = 4-4.g(r) = n_ 1 -^ 0l , 

i=l 

where n_i is the number of poles of q of order 1 and Oi is the order of the i-th zero 
Zi of q. A zero (pole) of order ot is a cone point of total angle (oj + 2)7r w.r.t. the 
half-translation structure on (Y,q). 

The expression for x(j^(l,l)) (0? > 3) comes from the fact that J^(l,l) has 
§(d — 2)<p(d)ip(d) cone-points, all of order 3. These cone-points are order 2 zeros of 
Vd- 

To calculate x(^" ( J(l, l)/cr) we note that has n+\ = |(d — 2)ip(d)ip(d) cone- 
points with total angle 37r, these are simple zeros of q d - The number n_i of simple 
poles of 5^ equals the number of cone points of total angle ir on J^(l, l)/c, which 
in turn equals the number N de g{d) of degenerated surfaces in J^f(l, 1). Thus we 
find the stated expression from 

2 X (J^ C (1, l)/a) = N deg (d) - \Z(q d )\ = n_i - n +1 = 

(23) 1 1 

= — ((5d + 6)-9(d-2))cp(dU(d) = --(d-6)ip(dWd) for d > 3. 
24 6 

For d = 2 we have x(^ 2 c (l, l)/cr) = x(T 2 /(-id)) = x(CP : ) = 0. 

Since qd has only simple poles and zeros of order 1, Theorem 1.2 in [E] gives formula 
after observing that 

g^ptl = » = _-L( d - 6Md )^ (d) e Z ford>3 

and obvious simplifications when taking this expression modulo 2. □ 
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